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Finding optimal multi-layer heterostructure configurations that result in desired current-voltage characteristics
requires physical control of electron scattering processes. It is shown how a one-dimensional tight-binding
Hamiltonian combined with the adjoint method may be employed to explore this non-convex and non-intuitive
design space. Such optimal parameter exploration has application to study of vertical electron transport
through van der Waals stacked few-layer quantum materials and nano-scale single-crystal semiconductor

1. Introduction

Vertical electron transport through few-layer stacks of quantum
materials is of both fundamental and practical interest. For example,
the application of resonant tunneling with vertical electron transport
through van der Waals stacked few-layer heterostructures has been
demonstrated recently [1]. It has also been shown that twist angle
in stacked black phosphorus homostructures can have the current—
voltage characteristic of a resonant tunnel diode [2]. These and other
studies [3-10] indicate an opportunity for creation of few-layer stacks
of quantum materials with electronic properties that can be tuned for
function. Given the extraordinarily large number of design choices
available, it seems appropriate to consider using numerical search
methods to assist in the discovery of optimal combinations of materials
and geometries for desired functionalities.

Previous studies have shown that atomic layer precision available
in the creation of single-crystal semiconductor heterostructure tunnel
diodes can be used to design a specific current-voltage characteristic
over a range of voltage bias [11]. In the case of the Al:Ga;_:As
material system, a number of tunnel barriers of uniform thickness
can have different tunnel barrier energies by varying alloy fraction, &.
The optimal device design methodology used provides one-dimensional
(1D) semiconductor conduction band profiles that, while non-intuitive,
are robust against small variations in individual heterostructure tunnel
barrier potential and thickness.

This approach to discovery utilizes a forward physical model with
an effective electron mass approximation to describe conduction band
electrons and tunneling. However, the use of effective electron mass

m% = mypexmg, where my, is the bare electron mass, limits accessibility to
objective current-voltage characteristics. This deficiency is addressed
here by adopting a more general tight-binding Hamiltonian that was
originally developed to approximate the wave functions of electrons in
a crystalline solid using linear combinations of atomic orbitals [12].

Initial studies using the tight-binding model of electronic struc-
ture considered nearest-neighbor interactions with an emphasis on
symmetry [13], complex band structure [14-16], as well as computa-
tionally efficient calculations for the electronic properties of crystalline
solids [17,18]. The tight-binding model has also been extensively used
to explore band structure in one-, two-, and three-dimensional sys-
tems [19-23] and Green’s function methods have been used to study
electron transport in a variety of lattice topologies described by nearest-
neighbor and next-nearest-neighbor tight-binding models with different
boundary conditions [24-32]. Recent work has also generalized Bloch’s
theorem used in tight-binding Hamiltonians for arbitrary boundary
conditions [33,34].

In the results presented here, accessibility to a wide range of objec-
tive current-voltage characteristics in few-layer quantum heterostruc-
tures described by a 1D tight-binding Hamiltonian is explored by
solving for electron transport with a Green’s function method, using the
adjoint method to calculate gradients with respect to experimentally ac-
cessible parameters [35], and implementing efficient search for globally
optimal configurations. The solution space for electron scattering on a
lattice with onsite potential values that vary as a function of position is
very large and often challenging to interpret. However, as with specific
non-optimized configurations [36], the dispersion relation associated
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Fig. 1. Atom positions for a 1D lattice with nearest-neighbor spacing L. Nearest-
neighbor electron hopping energy to or from the nth atomic site located at position
x, is . The electron creation and annihilation operators at the nth site are ¢’ and ¢,
respectively.

with bulk complex band structure can guide and contribute to un-
derstanding material properties that provide accessibility to objective
characteristics of interest for nano-scale electronic device applications.

2. Tight-binding model and complex band structure

Optimal design can benefit from an efficient forward physical model
that captures the essential physics of vertical electron transport in
single-crystal and van der Waals heterostructures. Key elements of
the simplest such physical model might include a tight-binding ap-
proximation and employ a Green’s function approach to calculate the
transmission of an electron on a 1D lattice.

2.1. Hamiltonian and dispersion relation

The domain of the 1D lattice being considered is illustrated in
Fig. 1 and consists of N, sites, each with a single atomic s-orbital,
nearest-neighbor hopping energy r,, and lattice spacing L. Nearest-
neighbor electron hopping occurs via creation (EZ) and annihilation
(¢,) operators at the nth site, with |0) denoting the vacuum state such
that ¢,/0) = 0 and éh0y = |n) corresponding to a single electron
occupying the lattice site at position x,, = nL. The total potential energy
V = U +Vp,, + E, of the system is the sum of N, real onsite values U =
U(x,)é¢,, the applied bias potential ¥y, = eV, (x,)é¢,, and reference
energy £, = Ey(x,)élé,, such that V, = U(x,) + Vias(x,) + Eo(x,).
Hence, before introducing an electron source term, the Hamiltonian for
nearest-neighbor hopping is

Nul Nal
A=Y Ve, -1y <é:én+| +@};+1@n> )
n=1 n=1
or, expressed as a tri-diagonal matrix,
v, -4 0 .« 0
-1 I/2 _tl 0
A=|0 - V5 - o | (2)

0 0 0 -f Vy,
If U(x,) = Vpias(x,) = 0 and Ey(x,) = E, then the Bloch wave

function is w,.; = y,e*** and an electron of energy E = hw(k) with
Bloch wave vector k satisfies

)y, ®3)

Setting reference energy E, = 2¢, and N, — oo, the nearest-neighbor
electron energy dispersion relation for pure real values of k is

Ey, = Eyy, —1; (eikl“ +e

E =21;(1-cos(kL)) 4)

where it follows that

E
kL=cos™' [1-—). 5
o ( 2’1) 2
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Eq. (5) gives rise to complex band structure with pure-real values of
kL corresponding to delocalized propagating states when 0 < E < 41,
relative to the bottom of the conduction band and complex values of
kL corresponding to non-propagating states that exist in the complex
plane when E < 0 and E > 417,. Any complex value of kL is not a
proper solution to Schrodinger’s equation for one electron in a periodic
potential because it violates translational invariance in the lattice and
the wave function grows exponentially (unbounded) in space. Delocal-
ized non-propagating states with energies at band extrema connect pure
real and complex solutions (which, in this case, occurs when E = 0 and
E =41).

2.2. Next-nearest-neighbor hopping

Inclusion of a next-nearest-neighbor hopping energy term, 7,, mod-
ifies the Hamiltonian matrix (Eq. (2)) to

vw -t -t O 0
-1V, -t -n :
-, -, V3 -1 :
H=|0 -, -1, ¥, : (6)
-1 )
-t V-1 —h
| 0 1 -1 VN,
and Eq. (4) becomes
E=2(t) +1t,)—2t; cos(kL) —2t, cos(2kL). @)

This can introduce additional structure in both the dispersion of propa-
gating states with pure-real values of k and non-propagating states with
complex values of k.

2.3. Boundary conditions

An impulse source at the far left lattice site position x; = x; may
be written as a vector s = s,6(x,, — x;). This is included in the nearest-
neighbor Hamiltonian as source and sink terms at the respective left
and right boundaries of the domain such that

A =HA-8. (3

The boundary term B is zero everywhere except at the onsite boundary
elements B; and By, such that in matrix form

B, 0 - . 0
0 o0 :

B=|: ol 9
: 0 0
0 o w0 By,

At position x; sufficiently far to the left of the region containing the
scattering potential, the wave function describing electron motion in a
constant potential may be written as the sum of incident and reflected
terms

v, = Aelk*n 4 Beikxn (10)

where A and B are the amplitude coefficients of the incident and
reflected waves, respectively. Setting A = 1, a source to the left of the

nth atomic site near the left boundary, x; = (»— 1)L has wave function

w,_, = ek=DL 4 pe-ikin-DL
,,_

— eiknLe—ikL + Be—iknLe

_ (eiknL i Be—iknL) olkL 4 (e—ikL _ eikL) oiknL

= y,e*F —2isin(kL)el*"E,

kL | (eikL _ eikL) eiknL
an

The corresponding nearest-neighbor Hamiltonian matrix element value
B, for the left boundary condition is found by substituting Eq. (11) for
the left edge, w,_,, into the Schrédinger equation,

Hnwn = Vnwn N Wuy1 —HWpo1 = Ewn’ 12)
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so that
(V= E) w, = 11 — 11 (w,e™*F = 2isin(kL)e*L) = 0 13)
and

(Vn _tleikL _E) Wy _tlwn+l =

(A! - E) y, = Hyy, = —21,isin(kL)e"L. as)
Hence,

B, =1l (15)
and the far left source term is

s = =2t;isin(kL)el**1, (16)

Similarly, at the far right position xg, the wave function describing
electron motion in a constant potential with transmission and reflection
coefficients C and D, respectively, is

w, = Ce**n 4 Deikxn a7

and, for open boundary conditions and no source on the right-hand-
side, D = 0. The wave function located to the right of the nth atomic
site near the right boundary at position xgz = (n+ 1)L may be written as

Wyt = CERDL = (Celknl) gkl =y, oikL 18)
Substituting Eq. (18) into the Schrédinger equation (Eq. (12)) gives
(Ve = E)wi =11 (w,e") =11, =0 a9
and so

(Va =t = E)w, v,y = 20)
(A}~ E) v, = Hu, =0,

Just as with the left boundary, the corner diagonal element of the
nearest-neighbor Hamiltonian corresponding to the right boundary
introduces the term

By, = 1,e* @n

However, since the source is taken to be incident from the left bound-
ary, the right boundary element of the source vector is sy = 0.

Electron phase, ¢ = kL, is calculated at the boundaries by account-
ing for the energy difference between the electron energy, E, and total
onsite potential energy, V,, for n = 1 at the left boundary and n = N,
at the right boundary. From the dispersion relation given by Eq. (3),
E =V, —2t,cos(¢,), and the phase at the nth site is

¢, = cos™! <u> . 22)

21,

2.4. Green’s function solution
A linear operator H = A’ — E1 which accounts for boundary
conditions and the total electron energy E may be constructed so that
ﬁw:Ew+ (s+l§y/)
(A-B)y=H'y =Ey+s (23)
(l:l’—Ei)y/=F1w=s.

In matrix form, Hy = s may be written as

}[1 _tl 0 7] s
-ty H, . : 1723 Sy
: . . . : : = o, (24)
Hy 1 -t ||vN,—1 SNy ~1
0 -1 HNM V/Nu[ SNM

where the elements H; =V, - E- B, and Hy, =Vy, —E— By, atthe
respective left and right boundaries, and H, =V, — E at all other sites.
Thus, computing the electron wave function is equivalent to solving
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this matrix equation for y by inverting the matrix A and multiplying
both sides by the Green’s function G = H~! so that

Hy=s
H'Hy=H""s (25)
v = Gs.

If there is a single source term at the left boundary position x;, then
source element s, is the only nonzero entry in the vector s.

3. The resonant tunnel diode

The current-voltage characteristic of a conventional symmetric two-
barrier resonant tunnel diode with conduction band minimum profile
illustrated in the inset of Fig. 2(a) can be modeled in the depletion
approximation using the tight-binding formalism. The left and right
hand tunnel barriers sketched in the inset have potential energies Vj,
and Vy, respectively with Vg, = Vg,.

Fig. 2(a) shows results of calculating current density, J, as a func-
tion of applied voltage bias, V;;,, using parameters corresponding to
those for the AlGaAs material system. Carrier density in the GaAs
electrodes is ny = 10'8 cm™>, each undoped AlGaAs barrier consists
of 10 lattice sites with each site having the same onsite potential
energy 0.30 eV, each barrier has thickness Ly = 2.83 nm, and well
thickness is Ly = 4.52 nm. Temperature 7 = 300 K and the chemical
potential deep in the electrodes is y = 38.9 meV. The results shown
in Fig. 2(a) agree with those previously published using an effective
mass approximation [37]. The peak-to-valley current ratio is PVR = 6.1
with peak current occurring at Vjy peax = 0.145 V and valley current
occurring at Vi vaniey = 0.264 V.

Even though the Schrédinger equation is solved for a finite-sized
nano-scale structure, it is helpful to refer to states in the bulk band
structure for which N, — oo [38]. Fig. 2(b) illustrates the corre-
sponding bulk complex band structure states accessed by an electron
of energy E, = 0.05 eV incident on the potential profile from the left
of the system when V;;, = 0.

Achieving a high peak current, small negative differential resis-
tance, and high PVR can be of practical interest. To this end, it is
advantageous to be guided by access to different states of the com-
plex band structure described by the next-nearest-neighbor dispersion
relation. This consideration suggests modifying the second barrier by
shifting the energy by AE = 41, so that V3, = Vg, — AE. Doing so
results in a comparable peak current value with a substantially higher
PVR. See Fig. 3(a).

Fig. 3(b) illustrates how an incoming electron of energy E, =
0.05 eV may be viewed as accessing states in the band structure with
large value of k and that this can result in a larger PVR. Increasing
the number of potential barriers used and adopting an optimal design
methodology is expected to increase the number of resonant states
and provide a path to further improvement of PVR. This approach is
considered next.

4. Application to optimal design

An optimal design problem with 7P experimentally-accessible,
continuously-variable bounded design parameters typically employs
a cost function to measure the distance between an objective and a
simulation. In this problem the nth layer of the heterostructure device
has thickness L, and onsite potential U,. The values of these design
parameters are placed into a vector p containing P entries. A scalar
measure of optimality is

Nbias
Ceost(P) = Z w; |Jobj(l/bias.j) - Jsim(Vbias,/” pl (26)
j=1
in which the objective is the current density function Ji,;(Vi,s) and the
simulated current density Jg,, (Va5 P) is the output of the forward phys-
ical model for feasible input design parameter values p. The discrete
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Fig. 2. (a) Current-voltage characteristic of the double barrier resonant tunnel diode
structure shown in the inset without a bias voltage (black) and with bias voltage
Voas = 04 V (red). J, = 1.03 mA/um*> and PVR = 6.1. Parameters: T = 300 K,
ny =10"% cm™, L =0.283 nm, Vg, = Vg, =030 eV, Ly =2.83 nm, Ly, = 4.52 nm, x, =
—15 nm,xg = 249 nm,my = 0.07,7; = 6.81 eV. (b) Nearest-neighbor tight-binding
complex band structure with reference energy E, = 21, has propagating electron states
with pure-real k (blue curve) and non-propagating electron states with complex k (red
curve). An incoming electron with energy E, = 0.05 eV is represented by the black dot
on the pure-real band and the open circle on the pure-imaginary band is associated
with a tunneling state.

sum over Ny, sample points in Eq. (26) is necessary for numerical
evaluation. For the case being considered, a uniform weight factor
w; = 1 is applied and the distance is chosen to be an £? measure
of the difference between the simulated current density, Jg,, and the
objective function, J,,;, so that y = 2.

Sufficient conditions to ensure a locally optimal device configura-
tion, p*, in the minimization problem,

mpin Ceosts (27)
are
VpCeostlp =0 (28)
and

H,(Ceoq)lpe > 0, (29)
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Fig. 3. (a) Current-voltage characteristic of structure with potential profile shown
in inset. Barrier potential V;, has energy offset of AE = 41,. J = 1.04 mA/pm?
and PVR = 30. (b) Complex band structure using next-nearest-neighbor hopping with
t, = 0.5¢, and reference energy E, = 2(f, +1,). For an incoming electron with energy
E, = 0.05 eV represented by the black dot on the pure-real band, the energy offsets
from the bottom of the conduction band due to barriers V3, and V, = Vy, — 41, are
respectively represented by the black open circles on the pure-imaginary and pure-
real bands. Parameters: 7 = 300 K, L = 0.283 nm,t, = 227 eV,1, = 1.135 eV,n, =
10" em™, ¥, = 0.30 eV, Ly = 2.83 nm, Ly, = 4.52 nm, x, = —=20.4 nm, xz = 30.2 nm.

where H,, is the Hessian matrix and the elements in p belong to the
experimentally-accessible design parameter space.

A cost function, such as Eq. (26), can be non-convex. It is this fact
and a typically high-dimensional parameter space that can make the
minimization problem described by Eq. (27) a challenge. It is possible
that both multiple local minima exist and that many solutions exist that
have a cost value close to optimal.

The cost function may be minimized using Newton’s method by
sequentially applying

VpCcosl

Pi+1 =Pk~ 5~ (30)
* Hp(ccnst)

to approximate V,C.|p+ = 0. This does, of course, require evaluation
of VpCeoy-

An efficient way to calculate the P-dimensional gradient V,C,o is
to use the adjoint method.
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4.1. Adjoint method

The adjoint method casts the forward solve in terms of a linear
system

L(p)-t=b (€28)

where the matrix L(p) incorporates the device physics, vector t contains
the unknown transmitted wave function amplitudes from which J,, ; =
W;(t) is obtained, and vector b contains the boundary conditions.

The P-dimensional gradient V,C., may be found using the chain
rule. Setting w; =1 and y = 2 in Eq. (26), the derivative of the /th
design parameter in C,, may be written

COS!
ap,(ccosl (p) =
Nbias (32)
- Z 2[Jobj(Vbias,j) - Jsim(Vbias,j’ p)]at”/j(t)aplt7
j=1
where, for compactness, d/dr = 9,, etc.
The computational expense of approximating the gradient V,C.

by P first-order finite-difference calculations can be avoided by defin-
ing an adjoint equation
L'(p)-h=

Nbias N (33)
Z Z[Jobj(l/bias,j) - Jsim(Vbias,j’ p)]atVV/ ().

j=1
The adjoint variable h is found by solving the linear system described
by Eq. (33) at the expense of only one forward solve. Making use of the
derivative of the forward solve given by Eq. (31),

(0, L)) -t +L»)- 9, ) = 9D, (34)

and substituting Egs. (33) and (34) into the expression for 9, (Ceost (D))

the derivative of C,, is

ap, Ccost = hT . (ap,L(P) t— ()pr> . (35)

It is in this way that the adjoint method avoids the computational
burden of evaluating P additional forward solves that would be re-
quired by a finite difference approach to approximating the derivative
of C,,. Calculation of the adjoint variable h has the same com-
putational burden as a single forward solve. Values of t are calcu-
lated during the forward solve and derivatives 9, L(p) are evaluated
analytically.

4.2. Sigmoid current-voltage characteristic

Tight-binding complex band structure as used to describe differ-
ent materials may be viewed as a guide to improve accessibility to
optimal device design when compared with an effective mass model.
Specifically, the ability of nearest-neighbor (s, = 0) and next-nearest-
neighbor (1, # 0) models to meet an objective may be explored
by applying an optimal design approach. Here, an objective current—
voltage characteristic, J,;, is sought by finding an appropriate potential
profile composed of Ny, barriers, each with barrier thickness L, = 4L =
1.132 nm and onsite potential energy U, where n € {1,2,..., Ny}.

A sigmoid objective function J,,; describing a region of negative
differential resistance in the current-voltage characteristic of a diode
is chosen where

J,

_ max
& (Vbias) - 1 — e"(Moias=Vmia) 36)
in which J,,,, is the asymptotic sigmoid peak, v is the sigmoid slope
parameter, and V,;, is the voltage bias value associated with the
sigmoid midpoint. For the results presented here, J,,,, = 1.055 mA/um?,
Viia =0.159 V, and v = 200 V-1,

m
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The difference between the predictions of the forward physical

model, Jg,, and objective function, J,,;, is used to provide a cost
function
Nbias
Ceost = 2 |Jsim(Vbias,j) - Jobj(Vbias,j)|2’ 37
j=1

where Jop(Viias ;) = Jopj; 1S the objective current density for the
Jjth voltage bias value and Jg,(Vpias ;) = Jsim; is the corresponding
simulation result from a forward solve measured in units of mA/pm?.

Cost minimization is performed in which the adjoint method pro-
vides the gradient, 9, (Cey(p), for all Ny, variable potential barrier
energies to MATLAB’s fmincon optimization function.

A potential profile with N, = 8 barriers, each of thickness L,, is
studied. To demonstrate the effect of an expanded search space, two
sets of bounds on the barrier energies are considered. For the first set,
the onsite (barrier) potential energies are restricted to —0.15 < U, <
0.35 eV which is associated with states near the bottom of a band in,
for example, the GaAs/AlInGaAs material system. For the second set,
the onsite (barrier) energies are allowed to vary in the range —4.47, <
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Fig. 4. (a) Sigmoid objective function J,,;(0.132 V < W, < 0.252 V) (dashed curve)
and optimal result J;,, (solid curve). Potential barrier energies —0.15 eV < U, < 0.35 eV.
Result uses a nearest-neighbor model (#, = 0) and, other than potential barriers with
L, = 1.132 nm and N, = 8, the parameters of Fig. 2. (b) Sigmoid objective function as in
(a) and improved optimal result J, (solid curve). Result uses a next-nearest-neighbor
model with 7, = 2.27 eV, 1, = 051, E, = 2(t, +t,), and potential barrier energies
—4.41, <U, £035¢eV. All other parameters are as in (a).
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U, <0.35 eV. Initial barrier energies are randomized within the allowed
bounded range. To limit computational effort, the maximum number of
iterations, ny.,, is set to 1000.

Fig. 4(a) shows the best result out of 10 optimization runs using
a nearest-neighbor model (1, = 0) and —0.15 < U, < 0.35 eV. The
peak current is Jye = 1.016 mA/um? at Wy e = 0.121 V and
the valley current is Jy,, = 0.054 mA/pm? at Viiasvalley = 0299 'V,
yielding PVR = 19 and a negative differential resistance voltage range
AVapr = Vhiasvatley = Voiaspeak = 0.178 V. The potential profile is
somewhat reminiscent of the conventional symmetric two potential
barrier resonant tunnel diode design shown in Fig. 2(a). However, PVR
is improved by a factor of approximately 3.

Fig. 4(b) shows the best result out of 10 optimization runs using a
next-nearest-neighbor model with #, = 0.57; and —4.4¢, < U, <0.35 eV.
The peak current is Jye = 1.05 mA/ pm? at Vbiaspeak = 0.132'V and the
valley current is Jy,ey = 0.002 mA/ pm? at Voiasvaliey = 0-207 V, yielding
PVR = 509 and a negative differential resistance voltage range AVypr =
0.075 V. The potential profile is non-intuitive and the improvement in
performance is substantial. Compared to the results shown in Fig. 4(a),
PVR is improved by a factor of approximately 27 and AVypy is reduced
by a factor of almost 2.4.

Another way to illustrate the improvement in performance that is
achievable with an increase in resources is to compare convergence of
cost, C,., as a function of iteration number, »;.,, for the two cases.
Fig. 5 plots convergence of cost for optimization runs with the sigmoid
objective function shown in Fig. 4.

Ten optimization runs for the case illustrated in Fig. 4(a) in which
t, = 0 and barrier potential energy is restricted to the range —0.15 eV <
U, < 0.35 eV are shown as black curves. The best result is shown as a
black dot. Ten optimization runs for the case illustrated in Fig. 4(b) in
which ¢, = 0.5¢; and —4.4¢;, < U, < 0.35 eV are shown as red curves.
The best result is shown as a red dot.

The data in Fig. 5 illustrates the fact that access to a larger range
of potential barrier energy values is a resource enhancement that the
optimization algorithm can exploit to improve convergence of cost by
several orders of magnitude.

The computational effort associated with optimization is propor-
tional to iteration number, ;... Because both cost and n;,, in Fig. 5

(==}

Cost, loglo(Ccost )

-2

S 1,=0

—_ 12=0A5t1
-4 L L |
10° 10! 10 10°

Iteration number, -

Fig. 5. Convergence of cost as a function of iteration number, n,.,, for 10 optimization
runs with the sigmoid objective function in Fig. 4, using a nearest-neighbor model
where 1, = 0 (black) as well as a next-nearest-neighbor model where 7, = 0.5¢, (red)
with best run in bold red. Allowing barriers to access a larger energy range improves
optimized convergence by more than three orders of magnitude.
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are plotted on a logarithmic scale, it is apparent that convergence of
the best result tends towards a power-law of the form n_. For the case
shown in Fig. 5 the coefficient obtained from a least-squares line-fit of
the 10 best solutions out of 100 is « = —3.1. The value of « is related to
the physical difficulty in achieving the objective for given availability
of resources. Resources include the number of layers, bounds to onsite
potential value, and access to next-nearest-neighbor hopping (¢, # 0).
Establishing the value of a in power-law behavior for convergence
can contribute to efficiency of search by using it to implement early
termination of runs.

5. Discussion

As a first step towards tuning few-layer stacks of quantum materials
for specific vertical transport properties, optimization methods are
employed to assist in the discovery of non-intuitive potential profiles
on a lattice. Electron scattering states in the open system are controlled
by tight-binding onsite potentials in the layers. The resulting configu-
rations can have superior functionality compared to those that are the
result of (often symmetric) ad-hoc approaches to design.

The physics that the optimization algorithm exploits may be viewed
as electron velocity (k-state) mismatch at layer interfaces and the result-
ing spectrum of broad transmission resonances that vary as a function
of applied voltage bias. The interplay between scattering strength and
velocity mismatch across different onsite energy values introduces an
effective control mechanism for electron transmission behavior through
stacked material layers. To gain further insight into this, consider the
influence spectral density of electron resonances has on transmission
of an electron with energy E, as a function of integer number of atom
sites, n,, with uniform onsite potential, U, and V};,, = 0.

Fig. 6(a) shows the case when E, = 0.05 eV, integer 1 < n, < 40,
-17eV < -U <29 eV, L =028 nm, t; = 681 eV, and 7, = 0.
When U = 0 there is no electron velocity (k-state) mismatch for any
value of n, and electron transmission is unity. As expected, when U # 0
resonant electron transmission is dependent on the value of U and n,,.
The spectral position and number of available resonant states in the
open system is similar to, but not the same as, the discrete energy
eigenvalues of a symmetric tri-diagonal Hamiltonian matrix of Toeplitz
form describing an isolated finite lattice of n, sites. Unlike the bound
states of the isolated finite lattice, the resonant transmission scattering
states have finite spectral linewidth. The number of resonant states
increases with n, and, as with the band structure density of states
for the cosine dispersion relation of Eq. (4), the spectral density of
resonances is concentrated at low and high values of —U. However, the
resonant transmission spectral linewidth of the open system decreases
(and the corresponding quality factor, Q, increases) with increasing
—U. These higher Q resonances occur as larger-valued k-states of
the related band structure are accessed. All resonances are spectrally
shifted and broadened as voltage bias, V;;,, is applied.

Fig. 6(b) shows electron transmission when 7, = 2.27 eV and
t, = 0.51¢,. Clearly, the underlying symmetry of Fig. 6(a) is broken.
This may be understood in terms of the band structure density of
states for the next-nearest-neighbor dispersion relation given by Eq. (7).
The increased number of resonances at large values of —U is a useful
resource and explains why it is utilized by the algorithm to create
the optimal design shown in Fig. 4(b). The introduction of 1, # 0
increases resources sufficiently such that configurations with improved
performance are accessible (Fig. 4(b)) compared to the case when ¢, =0
(Fig. 4(a)).

Fig. 6(a) and (b) exhibit features that can be traced to the corre-
sponding band structure and it is in this way that bulk complex band
structure can be used as a guide to help explain optimal designs of
nano-scale structures. In this study each layer is L, = 4L and there
are a total of Ny = 8 layers so that n,, = 32 and N, L, = 9.0 nm. The
resonances due to electron velocity mismatch at the boundaries of each
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Fig. 6. (a) Transmission of electron with energy E, = 0.05 eV for integer 1 < n, <40,
—1.7eV <-U <29eV, L =0283nm, 1, =681 eV, and 1, = 0. (b) As in (a) except
f, =227eV, 1, =051, and —0.57 eV < —U < 11 eV.

layer of thickness L, couple with resonances of other layers and it is
this that the algorithm optimizes to meet the objective.

Note that electron tunneling (meaning access to electron states with
complex values of k) is not necessary to obtain a resonant tunnel diode
current-voltage characteristic of the type shown in Fig. 2(a). Current—
voltage characteristics can be obtained by varying U to manipulate the
spectral position of resonances due to electron velocity mismatch of
states that correspond to propagating k-states of the real band structure.

The approach taken in this study has been to use a minimalist
forward physical model that can demonstrate improved design opti-
mization when increased resources are provided. As with the epitaxially
grown single-crystal AllnGaAs material system, onsite potential, U,
is assumed to be a continuous variable. To maintain simplicity, the
detailed electronic structure of specific few-layer quantum materials
and geometries, including extensions to two- and three-dimensions, has
not been explored. The 1D tight-binding Hamiltonian used in this study
could be extended to two dimensions by, for example, considering an
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N, XN, square lattice and modifying Eq. (1) to include (n, m) labels for
respectively indexing sites along the (x, y) axes in the 2D lattice. This
would result in a Hamiltonian matrix of size N2 X N2 and introduce
additional kinetic energy terms to describe electron hopping along the
y-direction. Care must then be taken to apply the appropriate boundary
conditions such that the Green’s function is correctly calculated from
the resulting effective Hamiltonian [25].

Also missing from our approach are complications arising from
inelastic electron scattering and self-consistent calculations of corre-
lations that influence vertical electron current through semiconductor
and stacked van der Waals heterostructures. The forward physical
model in our study considers a single band in the tight-binding Hamil-
tonian and, in doing so, avoids the computational burden of more
sophisticated approaches such as density functional theory (DFT) or
alternative methods used for studying electronic structure [39,40].
Green’s function methods have previously been used alongside DFT to
study electron transport in devices [41-43], and the framework of DFT
has recently been used to study complex band structure [44,45]. The
connection between tight-binding and DFT calculations [46-50] has
also been studied.

It is also worth noting that while the optimal design of electron
transport in novel tunable materials such as van der Waals super-
atomic semiconductors [51,52] may benefit from our methodology, the
forward solution might require a significantly more computationally
intensive and sophisticated physical model.

6. Conclusion

A tight-binding model of electron transport on a 1D lattice has been
developed and used to find optimal current-voltage characteristics in
which electrons are transmitted through a multi-layer heterostructure.
Potential applications of this approach to combining a physical model
of electron transport with optimal parameter exploration include the
study of vertical electron transport through van der Waals stacked few-
layer quantum materials and nano-scale single-crystal semiconductor
heterostructures.

The physics that the optimization algorithm exploits to explore
the non-convex and non-intuitive design space may be understood as
electron velocity mismatch between layers and the resulting spectrum
of broad transmission resonances that vary as a function of onsite po-
tential, U, and applied voltage bias, V;;,,. The number of resonances in
the open system is a resource that increases with number of layers, Ny.
Additionally, the next-nearest-neighbor hopping term, f,, can control
the spectral density of resonances, including those at large values of k
in the related bulk complex band structure.
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